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Abstrat. We give the basi denition of algebrai entropy for lattie equations.
The entropy is a anonial measure of the omplexity of the dynamis they dene.
Its vanishing is a signal of integrability, and an be used as a powerful integrability
detetor. It is also onjetured to take remarkable values (algebrai integers).
The analysis of disrete dynamial systems, in partiular the measure of their
omplexity, and possibly the detetion of their integrability is a huge subjet†,
originating in the work of Poinaré. It ontains the study of the dynamis of rational
maps, already a vast topi of researh. It also ontains the study of lattie equations,
whih are to maps what partial dierential equations are to ordinary dierential
equations. Our purpose here is to extend the notion of algebrai entropy, already
widely used for maps [1, 2℄ [3, 4℄, and reognized as an unmathed integrability
detetor [5℄, to lattie equations as in [6℄, thus introduing a measure of omplexity
for higher dimensional disrete dynamis.
We briey desribe the setting, the spae of initial data, the evolutions, and
dene the related entropies. We give examples, some integrable, some not integrable,
showing how to extrat information about the global (and asymptoti) behaviour of
the system from a few iterates. We formalize and onrm the results of [6℄. We also
present some onjetures and perspetives.
1. The setting
Consider a ubi lattie of dimension D. The verties of the lattie are labeled by D
relative integers [n1, n2, . . . , nD]. To eah vertex is assoiated the variable y[n1,n2,...,nD ].
We are given a dening relation, whih links the values of y at eah orner of the
elementary ells (square for D = 2, ube for D = 3 and so on).
We will suppose that the dening relations allow to alulate any orner values
on a ell from the 2D − 1 remaining ones, and that the value is given by a rational
expression. This implies that our dening relations are multilinear, whih overs a
large number of interesting ases (see for example [7, 8℄ and more in the last setions).
This restrition may be partially lifted.
As an illustration, onsider the two-dimensional ase of the square plane lattie.
The elementary ell is a plaquette shown in Figure (1).
† We will not dwell here upon the denition of integrability
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[n1, n2 + 1]
[n1, n2] [n1 + 1, n2]
[n1 + 1, n2 + 1]
Figure 1: elementary ell in two dimensions
The dening relation is a onstraint of the form
f(y[n1,n2], y[n1+1,n2], y[n1,n2+1], y[n1+1,n2+1]) = 0. (1)
We will use some spei examples later.
2. Initial onditions
For the sake of larity, we will onentrate on the D = 2 ase, but everything we will
say generalizes straightforwardly to higher dimensions.
In order to dene an evolution we have to speify initial onditions. From the
form of the dening relation, it appears that the values of y have to be given on some
diagonal of the lattie.
The spae of initial onditions is innite dimensional.
When D = 2, the diagonals need to go from [n1 = −∞, n2 = −∞] to
[n1 = ∞, n2 = ∞], or from [n1 = −∞, n2 = +∞] to [n1 = ∞, n2 = −∞]. We
will restrit ourselves to regular diagonals whih are stairases with steps of onstant
horizontal length, and onstant height. Figure (2) shows four diagonals. The ones
labeled (1) and (2) are regular. The one labeled (3) would be aeptable, but we will
not onsider suh diagonals. Line (4) is exluded sine it may lead to inompatibilities.
(1) (2)
(3)
(4)
Figure 2: diagonals
3. Restrited initial onditions
Here again we use the D = 2 example, to make things simple. Given a line of initial
onditions, it is possible to alulate the values y all over the D-dimensional spae.
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We have a well dened evolution, sine we restrit ourselves to regular diagonals.
Moreover, and this is a ruial point, if we want to evaluate the transformation formula
for a nite number of iterations, we only need a diagonal of initial onditions with nite
extent.
For any positive integerN , and eah pair of relative integers [λ1, λ2], we denote by
∆
(N)
[λ1,λ2]
, a regular diagonal onsisting of N steps, eah having horizontal size l1 = |λ1|,
height l2 = |λ2|, and going in the diretion of positive (resp. negative) nk, if λk > 0
(resp. λk < 0), for k = 1..D = 2. See Figure (3).
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Figure 3: various hoies of restrited initial onditions
Suppose we x the initial onditions on ∆
(N)
[λ1,λ2]
. We may alulate y over a
retangle of size (Nl1 +1)× (Nl2 +1). The diagonal uts the retangle in two halves.
One of them uses all initial values, and we will alulate the evolution only on that
part. See Figure(4).
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Figure 4: range of initial onditions ∆
(3)
[−1,2]
4. Fundamental entropies
We are now in position to alulate iterates of the evolution. Choose some restrited
diagonal ∆
(N)
[λ1,λ2]
. The total number of initial points is q = N(l1 + l2) + 1.
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For suh restrited initial data, the natural spae where the evolution ats is the
projetive spae Pq of dimension q. We may alulate the iterates and ll Figure (4),
onsidering the q initial values as inhomogeneous oordinates of Pq.
Evaluating the degrees of the suessive iterates, we will produe double sequenes
of degrees.
The simplest possible hoie is to apply this onstrution to the restrited
diagonals ∆
(N)
[±1,±1], whih we will denote ∆
(N)
++ , ∆
(N)
+− , . . . , and all them fundamental
diagonals (the upper index (N) is omitted for innite lines).
The pattern of degrees is then of the form
1 d(1) d(2) . . . d(N−1) d(N)
1 1 d(1) d(2) . . . d(N−1)
1 1 d(1) d(2) . . .
1 1 d(1) d(2)
1 1 d(1)
1 1
(2)
To eah hoie of indies [±1,±1] we assoiate a sequene of degrees d(n)±±.
Denition: The fundamental entropies of the lattie equation are given by
ǫ±± = lim
n→∞
1
n
log(d
(n)
±±). (3)
Claim: These entropies always exist [2℄, beause of the subadditivity property
of the logarithm of the degree of omposed maps.
The fundamental entropies orrespond to initial data given on diagonals with
slope +1 or −1, and evolutions towards the four orners of the lattie, as shown in
Figure (5).
❅■
❅❘
 ✒
 ✠
∆++
∆−−
∆−+
∆+−
Figure 5: fundamental evolutions on a square lattie
These four entropies do not have to be idential (see setion (10)).
When the entropy vanishes, the growth of the degree is polynomial, and the degree
of that polynomial is a seondary haraterization of the omplexity.
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5. Subsidiary entropies
We may also dene entropies for the other regular diagonals. They orrespond to
initial data given on a line with a slope dierent from ±1. They are useful in view of
the various nite dimensional redutions presented for example in [9℄.
As an example, the pattern of degrees for ∆
(3)
[−1,2] looks like


1 d(1)[1] d(2)[1] d(3)[1] = d(6)[2]
1 . . . . . . d(5)[2]
1 1 . . . d(4)[2]
1 . . . d(3)[2]
1 1 d(2)[2]
1 d(1)[2]
1 1


(4)
The sequenes of degrees we will retain are the border sequenes {d(n)[ν]},
ν = 1, 2, seen on the edges of the domain. There are as many suh border sequenes
as there are dimensions in the lattie (here D=2). The index in braket refers to
the diretion of the edge onsidered. This leads to subsidiary entropies ǫ[λ1,...,λD ][ν],
ν = 1 . . .D:
ǫ[λ1,...,λD ][ν] = lim
n→∞
1
n
log(d
(n)
[λ1,...,λD ]
[ν]). (5)
6. Expliit alulation
A full alulation of iterates is usually beyond reah. We an however get expliit
sequenes of degrees by onsidering the images of a generi projetive line in Pq, as
was introdued in [1℄, making a link with the geometrial piture of [3℄:
Suppose we start from a restrited diagonal ∆
(N)
[λ1,λ2]
. It ontains q = N(l1+ l2)+1
verties V1, . . . , Vq. For eah of these q verties, we assign to y an initial value of the
form:
y[Vk] =
αk + βk x
α0 + β0 x
, k = 1 . . . q (6)
where α0, β0 and αk, βk, (k = 1..q) are arbitrary onstants, and x is some unknown.
We then alulate the values of y at the verties whih are within the range of ∆
(N)
[λ1,λ2]
.
These values are rational frations of x, whose numerator and denominator are of the
same degree, and that is the degree we are looking for.
The next step is then to evaluate the growth of degrees. One very fruitful method
is to introdue the generating funtion of the sequene of degrees
g(s) =
∞∑
k=0
sk d(k) (7)
and try to t it with a rational fration.
The remarkable fat is that it again works surprisingly well, as it did for maps,
although we know that it may not always be the ase [10℄. This means that we an
often extrat the asymptoti behaviour measured by (3) and (5) just by looking at a
nite part of the sequene of degrees.
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The existene of a rational generating funtion with integer oeients for the
sequene of degrees implies that it veries a nite reurrene relation. For maps this
an sometimes be proved through a singularity analysis. A similar singularity analysis
should be done here, but it is beyond the sope of this letter.
We have explored a number of examples. We found examples with non zero
entropy, and examples with vanishing entropy either with linear growth either with
quadrati growth, up to now.
7. Example 1: the deformed ross-ratio relation
Take as a dening relation:
fdcr =
(
y[n1,n2] − a y[n1+1,n2]
) (
y[n1,n2+1] − b y[n1+1,n2+1]
)
(
y[n1,n2] − c y[n1,n2+1]
) (
y[n1+1,n2] − d y[n1+1,n2+1]
) − s = 0 (8)
This relation is based on a deformed version of the ross ratio of the four orner values.
It is known to dene an integrable lattie equation for a = b = c = d [11℄.
At generi values of the parameters we get the following expliit values for d
(n)
±±
(the dening relation being very symmetri, the four sequenes are the idential):
{d(n)±±} = {1, 2, 4, 9, 21, 50, 120, 289, . . .}. (9)
This sequene is tted by the generating funtion
gdcr±±(s) =
1− s− s2
(1− s) (1− 2 s− s2) . (10)
The entropy is the logarithm of the inverse of the modulus of the smallest pole of g(s)
ǫdcr±± = log(1 +
√
2). (11)
We have alulated a number of subsidiary entropies for various values of [λ1, λ2].
They all give sequenes whih an be tted with rational generating funtions. The
entropies depend on the slope σ = λ2/λ1: large σ give larger ǫ[λ1,λ2][1] and smaller
ǫ[λ1,λ2][2], and onversely. As an example, we see that ǫ[p,1][1] is the inverse of the
logarithm of the smallest modulus of the roots of 1 − s − sp − sp+1. There is an
interesting interplay between the various fundamental and subsidiary entropies.
For the known integrable ase (parameters a = b = c = d) [11℄, we nd the same
sequene for all four ∆±±:
{d(n)±±} = {1, 2, 4, 7, 11, 16, 22, 29, 37, 46, 56, . . .}, (12)
tted by
gint±±(s) =
1− s+ s2
(1− s)3 (13)
The growth of the degree is quadrati
d
(n)
±± = 1 + n (n+ 1) /2 (14)
and the entropy vanishes.
The few subsidiary entropies we have alulated when a = b = c = d also vanish,
and the degree growth is quadrati.
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8. Example 2: Q4
We have analysed the so-alled Q4 lattie equation [12, 13, 14℄. The dening relation
is given by:
A
((
y[n1,n2] − b
) (
y[n1,n2+1] − b
)− d) ((y[n1+1,n2] − b
) (
y[n1+1,n2+1] − b
)− d) (15)
+B
((
y[n1,n2] − a
) (
y[n1+1,n2] − a
)− e) ((y[n1,n2+1] − a
) (
y[n1+1,n2+1] − a
)− e) = f
with
d = (a− b) (c− b)
e = (b− a) (c− a)
f = A B C (a− b)
A (c− b) +B (c− a) = C (a− b)
(16)
We have used our approah for generi values of the parameters, that is to say
without (16). We nd for the fundamental evolutions:
{d(n)±±} = {1, 3, 7, 13, 21, 31, 43, 57, 73, 91, 111, . . .} (17)
tted with the generating funtion
g±±(s) =
1 + s2
(1− s)3 . (18)
The growth of the degree is quadrati,
d
(n)
±± = 1 + n(n− 1) (19)
This indiates integrability of the form (15) !
It is interesting to alulate more of the entropies, related to initial onditions
with a dierent slope, still for unonstrained parameters. For example
{d(n)[1,2][1]} = {1, 5, 13, 25, 41, 61, 85, 113, . . .} (20)
{d(n)[1,2][2]} = {1, 3, 5, 9, 13, 19, 25, 33, 41, 51, 61, 73, 85, 99, 113, . . .} (21)
Both give zero entropy and quadrati growth, as for the fundamental values.
9. Example 3: Disrete Sine-Gordon
A multilinear dening relation for the disrete Sine-Gordon equation an be found
in [15, 9℄:
y[n1,n2] y[n1+1,n2] y[n1,n2+1] y[n1+1,n2+1]
−a (y[n1,n2] y[n1+1,n2+1] − y[n1+1,n2] y[n1,n2+1])− 1 = 0 (22)
For this lattie equation, we nd
{d(n)±±} = {1, 3, 7, 13, 21, 31, 43, 57, 73, 91, 111, . . .} (23)
as in the previous ase (the same quadrati growth, vanishing ǫ±±).
The subsequent alulation of ǫ[1,2][1] and ǫ[1,2][2] yields
{d(n)[1,2][1]} = {1, 4, 11, 21, 34, 51, 71, 94, 121, 151 . . .} (24)
{d(n)[1,2][2]} = {1, 3, 4, 8, 11, 16, 21, 28, 34, 43, 51, 61, 71 . . .} (25)
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tted respetively by
gsg[1,2][1] =
1 + 2 s+ 4 s2 + 2 s3 + s4
(s2 + s+ 1) (1− s)3 (26)
gsg[1,2][2] =
1 + 2 s+ s3 + s5
(s+ 1) (s2 + s+ 1) (1− s)3 (27)
Whih mean vanishing entropies and quadrati growth.
10. Example 4: Non-isotropi model
There are ases where the various diretions of evolution are not equivalent. The
entropies ǫ±± are not all equal. Take the simple dening relation (see also [16, 17℄):
y[n1,n2+1]y[n1,n2]y[n1+1,n2] + y[n1,n2+1]y[n1+1,n2+1] + y[n1+1,n2] = 0 (28)
The sequenes of degrees for the fundamental evolutions dier:
{d(n)[−+]} = {1, 3, 7, 17, 41, 99, 239, . . .} (29)
{d(n)[++]} = {1, 2, 4, 7, 14, 28, 56, . . .} (30)
{d(n)[+−]} = {1, 2, 5, 10, 20, 40, 80, . . .} (31)
{d(n)[−−]} = {1, 2, 4, 8, 16, 32, 64, . . .} (32)
They t with the generating funtions
g[−+] =
1 + s
1− 2 s− s2 , g[++] =
(1 − s)(1 + s+ s2)
1− 2s , (33)
g[+−] =
1+ s2
1− 2 s , g[−−] =
1
1− 2 s , (34)
so that
ǫ++ = ǫ+− = ǫ−− = log(2) (35)
but
ǫ−+ = log(2.414...) (36)
It does not seem exluded a priori to have vanishing entropy in some diretion and
non-vanishing entropy in some other diretion, but we have not exhibited any expliit
example of that yet.
11. Conlusion and perspetives
The denitions presented here extend to all dimensions (D > 2), and apply to non-
autonomous equations, as well as multiomponent systems, provided the evolutions
are rational.
We may use a dening relation whih is not multilinear if we do not insist on
having all of the 2D evolutions desribed in setion (5). For D = 2 we may for example
aept a dening relation whih is of higher degree in y[n1+1,n2] and y[n1,n2+1]. The
prie to pay is to onsider only initial onditions with λ1λ2 < 0.
We may also onsider dening relations extending over more than one elementary
ell: this means onsidering equations of higher order [18℄.
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We have done a number of expliit alulations of the fundamental (and
subsidiary) entropies, beyond the ones presented here. All the lattie equations whih
are known to be integrable have vanishing entropies. These results, and what is already
known for maps, suggest that the vanishing of entropy, that is to say the drasti drop
of the omplexity of the evolution, is indeed always a sign of integrability.
Of ourse the drop of the degree is related to the singularity ontent of the
evolution, as it was for maps. A systemati singularity/fatorization analysis is one
of the traks to follow. In this spirit, one an undertake a desription of all lattie
equations of a given degree, and for a given dimension. This is the purpose of [16, 17℄.
One should also determine whih of the properties are anonial, that is to say
independent of any hange of oordinates one may perform on the variables. For maps
this was just invariane by birational hanges of oordinates on a nite dimensional
projetive spae. Here the situation is made muh more intriate by the innite
number of dimensions of the spae of initial onditions.
All the entropies we have alulated expliitly are the logarithm of an algebrai
integer. There is a onjeture that this is always the ase for maps [2, 10℄, and we are
lead to the same onjeture here.
Another line of researh touhes upon arithmeti: a link has been established
between the algebrai entropy and the growth of the height of iterates, when the
parameters and the values of y[n1,...,nD ] are rational numbers [19, 20, 21℄. This applies
here as well, and will be the subjet of further analysis.
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